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By extending the framework of the gravitational clock compass we show how a suitably prepared
set of clocks can be used to extract information about the gravitational field in the context of Gen-
eral Relativity. Conceptual differences between the extended and the standard clock compass are
highlighted. Particular attention is paid to the influence of kinematic quantities on the measure-
ment process and the setup of the compass. Additionally, we present results of simulations of the
inference process for the acceleration and the curvature components. Several examples of different
strategies for the computation of the posterior probability distributions of the curvature components
are discussed. This allows us to anticipate the precision with which physical quantities could be
determined in a realistic measurement.
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I. INTRODUCTION
The question of how the gravitational field can be de-
termined in an operational way is of fundamental impor-
tance in gravitational physics. One particular approach
which has received attention in recent years is the so-
called gravitational clock compass [1], which adapts the
original idea of Szekeres [2], which in turn may be viewed
as an implementation of the concepts introduced by Pi-
rani [3] and Synge [4] in the context of the geodesic devi-
ation equation. Here we make use of clock measurements
in order to determine the curvature of spacetime. This
method has been developed in [1, 5] and can be viewed
as complementary to the use of deviation equations [6]
and swarms of test bodies. An alternative derivation of
the clock compass and its use in the context of exact
gravitational wave spacetimes can be found in [7].
While the aforementioned works established the foun-
dations of the clock compass and demonstrated its abil-
ity to measure all components of the gravitational field
in special, as well as in general spacetimes, the present
work is focused on methods which will help to manifest
its practical use in future experiments. To achieve this
goal, we extend the framework of the gravitational clock
compass in two ways.
First, we derive new analytical solutions which deter-
mine the acceleration and angular velocity of the refer-
ence frame in which the measurements are performed.
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The same is also carried out for the 20 independent com-
ponents of the curvature tensor of General Relativity.
Conceptual differences between the extended and the
standard clock compass are highlighted. Particular at-
tention is paid to the influence of kinematic quantities
on the measurement process and the optimal setup of
the compass.
Second, we explore the way in which the determination
of the physical quantities (acceleration, angular velocity,
curvature) could actually be performed from the data
collected by a given configuration of clocks. We do this
by generating mock data sets which are in turn used in
the simulation of the parameter determination process.
Special focus is put on different admissible strategies to
compute each curvature component.
The structure of the paper is as follows: In section
II we review the frequency ratio of moving clocks in a
general spacetime background. This is followed by an
introduction to the gravitational clock compass in sec-
tion III. Subsequently we show in section IV how a clock
compass can be used to determine the state of motion
(acceleration and angular velocity) of a reference frame
with respect to a free-falling frame. In section V the
derivation of a general exact solution for the curvature
components in terms of the measurable frequency ratios,
as well as the position and velocities of the clocks is pre-
sented. Subsequently we discuss in VI how, and with
which precision, the different parameters could be de-
termined, by simulating the parameter estimation using
mock data. In section VI A we explain how we generate
our mock data, and the incorporation of measurement
errors into the data. The mock data is then used to de-
termine probability distributions for the kinematic quan-
tities, as well as for the gravitational field components, by
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2means of the implementation of a MCMC method. Par-
ticular examples for the determination of the acceleration
are presented in section VI B. We then proceed to discuss
in detail the different strategies for the determination of
curvature components in section VI C. Our conclusions
are discussed in section VII. Finally, we collect some use-
ful complementary material in the appendices A–C.
II. FREQUENCY RATIO OF CLOCKS
We start with the general result of [1] for the ratio of
the proper times ds|X and ds|Y of two clocks X and Y ,
respectively; the former at a position yα and the latter
at the origin of a Fermi coordinate system. The frame
associated to this coordinate system is characterized by
the acceleration aα and the angular velocity ωα, which
in this work we assume to be time-independent. Then
the frequency ratio between two clocks, see [1] for more
details, takes the following form:(
ds|X
ds|Y
)2
=
(
dy0
ds|Y
)2[
1− δαβvαvβ + 2aαyα
+ yαyβ (aαaβ − δαβωγωγ + ωαωβ −R0αβ0)
+ 2vαεαβγy
βωγ − 4
3
vαyβyγRαβγ0
− 1
3
vαvβyγyδRγαβδ
]
+O(3), (1)
were we define the auxiliary function C¯ so that
C¯ (yα, vα, aα, ωα, Rabcd) + 1 :=
(
ds|X
ds|Y
)2
. (2)
Our conventions and notation are summarized in ap-
pendix A.
In contrast to [1], we will assume that the reference
clock is always at rest w.r.t. the reference frame. Then,
(dy0)/(ds|Y ) = 1 and, together with (1), they imply that
C¯ =
[
− δαβvαvβ + 2aαyα
+ yαyβ (aαaβ − δαβωγωγ + ωαωβ −R0αβ0)
+ 2vαεαβγy
βωγ − 4
3
vαyβyγRαβγ0
− 1
3
vαvβyγyδRγαβδ
]
+O(3). (3)
The ratio C¯ is related to the redshift z of X w.r.t. Y ,
since by definition
1 + z :=
(
ds|Y
ds|X
)
, (4)
thus
C¯ + 1 =
(
ds|X
ds|Y
)2
= (1 + z)−2. (5)
If z  1, then
C¯ ≈ −2z. (6)
FIG. 1. Positions of the 9 clocks chosen for the first clock
array, see Eq. (7).
III. CLOCK COMPASS SETUP
For the location of the clocks considered in the present
work, we use the same type of arrangement as in [1], but
here we allow for numerical values different from 1 for
the positions of the clocks. Thereby their distance w.r.t.
the central reference clock appears explicitly in the equa-
tions, which will turn out to be useful in the modeling
of the measurement process. In particular, we will study
how the precision of the determination of the physical
parameters depends on the distance of the clocks to the
reference world line Y . We start by labeling 9 different
initial values for the positions of the clocks, as follows:
(1)yα =
 y110
0
 , (2)yα =
 0y22
0
 , (3)yα =
 00
y33
 ,
(4)yα =
 y41y42
0
 , (5)yα =
 0y52
y53
 , (6)yα =
 y610
y63
 ,
(7)
(7)yα = −(1)yα, (8)yα = −(2)yα, (9)yα = −(3)yα.
These positions are sketched in Fig. 1.
For the velocities, we consider the most general case in
which each clock has arbitrary direction and speed, and
write
(n)vα =
 vn1vn2
vn3
 , (8)
where n denotes the n-th clock, n = 1, . . . , 9.
Acceleration and angular velocity are properties of the
reference system. In this sense, there is only one value
3for the vectors aα and ωα, given the choice of reference
frame, and we denote them as
aα =
 a1a2
a3
 , and ωα =
 ω1ω2
ω3
 . (9)
IV. DETERMINATION OF LINEAR
ACCELERATION AND ANGULAR VELOCITY
A. Determination of linear acceleration
For the determination of the linear acceleration, we
follow a very similar procedure as the one outlined in [1],
and consider the simplest case in which the contribution
of the curvature is neglected. We start by rearranging
(3) as follows
2aαy
α + aαaβy
αyβ = B1(C¯, y
α, vα, ωα), (10)
here all measured proper time ratios, as well as all pre-
scribed quantities, are collected in the quantity B1 on the
r.h.s. of Eq. (10), which we define as:
B1(C¯, y
α, vα, ωα) := C¯ + v2 − yαyβ (ωαωβ − δαβω2)
−2vαεαβγyβωγ , (11)
where v2 := δαβv
αvβ and ω2 := δαβω
αωβ .
Taking into account expressions (7)-(9) for each clock,
we end up with the system
2aα
(n)yα + aαaβ
(n)yα(n)yβ = B1(
(n)C¯, (n)yα, (n)vα, ωα)
=: (n)B1, (12)
where (n)C¯ is the value of the function given by (3) eval-
uated at the position (n)yα and the velocity (n)vα.
In order to determine the linear acceleration we
use 3 pairs of clocks at opposite positions, namely
((1)yα, (7)yα), ((2)yα, (8)yα) and ((3)yα, (9)yα). This yields
a set of equations which can be used to solve for aα lead-
ing, in terms of the C¯’s, to
a1 =
1
4y11
(
(1)C¯ − (7)C¯ − 2ω2v13y11 − 2ω2v73y11
+2ω3v12y11 + 2ω3v72y11 +
(1)v2 − (7)v2
)
,
a2 =
1
4y22
(
(2)C¯ − (8)C¯ + 2ω1v23y22 + 2ω1v83y22
−2ω3v21y22 − 2ω3v81y22 + (2)v2 − (8)v2
)
,
a3 =
1
4y33
(
(3)C¯ − (9)C¯ − 2ω1v32y33 − 2ω1v92y33
+2ω2v31y33 + 2ω2v91y33 +
(3)v2 − (9)v2
)
.
(13)
These expressions allows us to compute the acceleration
from an arrangement of 6 clocks with arbitrary velocities
as parameterized in (8). If we consider the particular case
in which each clock has the same velocity, i.e. (n)vα =
(v1, v2, v3), we obtain
a1 =
1
4y11
(
(1)C¯ − (7)C¯ − 4ω2v3y11 + 4ω3v2y11
)
,
a2 =
1
4y22
(
(2)C¯ − (8)C¯ + 4ω1v3y22 − 4ω3v1y22
)
,
a3 =
1
4y33
(
(3)C¯ − (9)C¯ − 4ω1v2y33 + 4ω2v1y33
)
. (14)
We notice that in these expressions the acceleration aα
depends on the angular velocity ωα. In [1] the velocities
of all clocks were chosen to be parallel to ωα, an assump-
tion not made in (14). If those vectors are parallel, then
the terms proportional to ωα vanish.
If we set the velocities of the clocks to zero, we obtain
a1 =
1
4y11
(
(1)C¯ − (7)C¯
)
,
a2 =
1
4y22
(
(2)C¯ − (8)C¯
)
,
a3 =
1
4y33
(
(3)C¯ − (9)C¯
)
. (15)
This of course agrees with the results in [1] if c211 = 0.
B. Determination of angular velocity
Analogously to the strategy in the preceding section,
we rearrange the system (3) as follows:
2vαεαβγy
βωγ − yαyβ (δαβω2 − ωαωβ) = B2(yα, vα, aα),
(16)
where
B2(y
α, vα, aα) := C¯ + v2 − 2aαyα − aαaβyαyβ .
(17)
Taking into account (7)-(9) we end up with
2(n)vαεαβγ
(n)yβωγ − (n)yα(n)yβ (δαβω2 − ωαωβ)
= B2(
(n)yα, (n)vα, aα) =: (n)B2. (18)
1. Same initial conditions as in [1]
For reference, we first consider a configuration of six
clocks with the same initial conditions as in [1], i.e. us-
ing clocks at the positions (1)yα, (2)yα and (3)yα, with
velocities given by
(1)vα =
 v110
0
 , (2)vα =
 0v22
0
 ,
4(3)vα =
 00
v33
 . (19)
We denote by (1,2)C¯ the value of the function C¯ given by
(3) evaluated for the position (1)yα and velocity (2)vα,
etc. Then the angular velocity can be determined in
terms of the values of (1,1)C¯, (1,2)C¯, (2,2)C¯, (2,3)C¯, (3,1)C¯
and (3,3)C¯ of each clock with corresponding position and
velocity. We obtain:
ω1 =
1
2v33y22
[
(2,2)C¯ − (2,3)C¯ + v222 − v233
]
,
ω2 =
1
2v11y33
[
(3,3)C¯ − (3,1)C¯ + v233 − v211
]
,
ω3 =
1
2v22y11
[
(1,1)C¯ − (1,2)C¯ + v211 − v222
]
. (20)
Note that, unlike the result (13) for aα, this solution for
the angular velocity does not depend on the value of the
acceleration of the frame. This is due to our choice for
the positions and velocities of the present clock config-
uration, which leads to a set of equations in which the
contribution of aα cancels out. This behavior was also
present in the analogous result reported in [1], although
in that case the expression is different due to the different
choice of the velocity of the reference clock.
2. Velocity perpendicular to the position
Now, we consider a configuration of clocks slightly dif-
ferent from the one shown in the previous section. We
use pairs of clocks at the same positions as the previ-
ous section. These are given by (1)yα, (2)yα and (3)yα,
with velocities perpendicular to their respective position
vector, given by
(1)vα =
 0v12
0
 , (2)vα =
 00
v23
 ,
(3)vα =
 v310
0
 , (4)vα =
 0−v42
0
 ,
(5)vα =
 00
−v53
 , (6)vα =
 −v610
0
 . (21)
Considering this configuration, the solution for the an-
gular velocity components can be written in terms of the
C¯’s as
ω1 =
−(2,2)C¯ + (2,5)C¯ − v223 + v253
2y22(v23 + v53)
,
ω2 =
−(3,3)C¯ + (3,6)C¯ − v231 + v261
2y33(v31 + v61)
,
ω3 =
−(1,1)C¯ + (1,4)C¯ − v212 + v242
2y11(v12 + v42)
, (22)
where (1,1)C¯ is the value of the function C¯ given by (3),
evaluated for the position (1)yα and velocity (1)vα, etc.
This solution can be simplified considering that we set the
velocity of one of the clocks of the pair to zero, obtaining
ω1 =
−(2,2)C¯ + (2,0)C¯ − v223
2y22v23
,
ω2 =
−(3,3)C¯ + (3,0)C¯ − v231
2y33v31
,
ω3 =
−(1,1)C¯ + (1,0)C¯ − v212
2y11v12
, (23)
where (1,0)C¯ is the value of the function C¯ given by (3)
evaluated for the position (1)yα and zero velocity, etc.
Alternatively, a simpler solution for this case can be
found if we use 3 pairs of clocks at the same positions
explained above, but choosing the velocities of each pair
with the same position to be equal in magnitude but with
opposite directions. Under these conditions, we obtain
ω1 =
−(2,2)C¯ + (2,−2)C¯
4y22v23
,
ω2 =
−(3,3)C¯ + (3,−3)C¯
4y33v31
,
ω3 =
−(1,1)C¯ + (1,−1)C¯
4y11v12
, (24)
where (1,−1)C¯ is the value of the function C¯ given by (3),
evaluated for the position (1)yα and velocity −(1)vα, etc.
3. Clocks at rest
For clocks at rest, it is interesting to notice that the
absolute values of the components ωα can be determined
by using only three clocks. Indeed, with the three clocks
at the positions (1)yα, (2)yα and (3)yα we can obtain,
using Eq. (3), expressions for (1)C¯, (2)C¯ and (3)C¯, which
form a system of three equations for the three unknowns
ω21 , ω
2
2 and ω
2
3 . The solution then is found to be:
ω21 =
(1)C¯
2y211
−
(2)C¯
2y222
−
(3)C¯
2y233
− a
2
1
2
+
a22
2
+
a23
2
− a1
y11
+
a2
y22
+
a3
y33
, (25)
ω22 = −
(1)C¯
2y211
+
(2)C¯
2y222
−
(3)C¯
2y233
+
a21
2
− a
2
2
2
+
a23
2
+
a1
y11
− a2
y22
+
a3
y33
, (26)
ω23 = −
(1)C¯
2y211
−
(2)C¯
2y222
+
(3)C¯
2y233
+
a21
2
+
a22
2
− a
2
3
2
+
a1
y11
+
a2
y22
− a3
y33
. (27)
5If we position the three clocks at the same distance to
the central reference clock, i.e. y11 = y22 = y33 = y, we
obtain
ω21 =
1
2y2
(
(1)C¯ − (2)C¯ − (3)C¯ − a21y2 + a22y2 + a23y2
− 2a1y + 2a2y + 2a3y
)
, (28)
ω22 =
1
2y2
(
−(1)C¯ + (2)C¯ − (3)C¯ + a21y2 − a22y2 + a23y2
+ 2a1y − 2a2y + 2a3y
)
, (29)
ω23 =
1
2y2
(
−(1)C¯ − (2)C¯ + (3)C¯ + a21y2 + a22y2 − a23y2
+ 2a1y + 2a2y − 2a3y
)
. (30)
C. Simultaneous determination of the linear
acceleration and the angular velocity of the frame
Here we extend the analysis from [1] in order to find a
configuration which allows to simultaneously obtain the
linear acceleration and the angular velocity, i.e. to com-
pute all six components (aα, ωα) using a suitable arrange-
ment of clocks. This is achieved by considering pairs
of clocks located along each axis and choosing velocities
with opposite direction, perpendicular to their position
vectors. Hence, the initial conditions for the 6 clocks are
chosen as follows: the first 3 are located at (1)yα, (2)yα,
and (3)yα as defined in (7), with velocities perpendicular
to each position vector, i.e. we choose
(1)vα =
 0v12
v13
 , (2)vα =
 v210
v23
 , (3)vα =
 v31v32
0
 .
The other 3 clocks are located at the same positions, but
with velocities opposite to the first group. The situation
is illustrated in Fig. 2.
For this configuration of clocks, we obtain the following
expressions for the angular velocity and the acceleration
of the frame:
ω1 = −
v12v31y11y33
(
(2,2)C¯ − (2,−2)C¯)+ v13v21y11y22 ((3,3)C¯ − (3,−3)C¯)+ v21v31y22y33 ((1,1)C¯ − (1,−1)C¯)
4y11y22y33 (v12v23v31 − v13v21v32) ,
ω2 = −
v12v23y11y22
(
(3,3)C¯ − (3,−3)C¯)+ v12v32y11y33 ((2,2)C¯ − (2,−2)C¯)+ v21v32y22y33 ((1,1)C¯ − (1,−1)C¯)
4y11y22y33 (v12v23v31 − v13v21v32) , (31)
ω3 = −
v13v23y11y22
(
(3,3)C¯ − (3,−3)C¯)+ v13v32y11y33 ((2,2)C¯ − (2,−2)C¯)+ v23v31y22y33 ((1,1)C¯ − (1,−1)C¯)
4y11y22y33 (v12v23v31 − v13v21v32) ,
and
a1 =
1
2y11
(√
2(1,1)C + 2(1,−1)C + 4ω22y
2
11 + 4ω
2
3y
2
11 + 4v
2
1 + 4− 1
)
,
a2 =
1
2y22
(√
2(2,2)C + 2(2,−2)C + 4ω21y
2
22 + 4ω
2
3y
2
22 + 4v
2
2 + 4− 1
)
, (32)
a3 =
1
2y33
(√
2(3,3)C + 2(3,−3)C + 4ω21y
2
33 + 4ω
2
2y
2
33 + 4v
2
3 + 4− 1
)
,
where one could insert (31) into (32) in order to obtain
an explicit final result. Note that the minus sign (−) in
the velocity indices indicates opposite velocity.
V. CURVATURE DETERMINATION
In order to find a similar analytical expression for the
curvature components, we rearrange (3) as follows:
(n)yα(n)yβ
(
−R0αβ0 − 4
3
(m)vγRγαβ0
−1
3
(m)vγ(m)vδRαγδβ
)
= B3(
(n)yα, (m)vγ , aα, ωα) = (n,m)B3, (33)
6FIG. 2. Clock configuration used in the simultaneous de-
termination of the linear acceleration (32) and the angular
velocity (31).
where we now define B3 as
(n,m)B3 :=
(n,m)C¯ + (m)v2 − 2aα(n)yα
− (n)yα(n)yβ (aαaβ − δαβωγωγ + ωαωβ)
− 2vαεαβγ(n)yβωγ . (34)
Notice that the particular combination of curvature com-
ponents in Eq. (33), when written in terms of the newly
defined (n,m)B3, is the same as in [1]. The impact of our
different choice for the state of motion of the reference
clock, which is now at at rest in contrast to the origi-
nal one in [1], is the explicit form of (n,m)B3, see (34).
Therefore, the results below are useful in both cases.
A. Obtaining the components of the curvature
We choose the same orientations and velocities for each
clock as in section IV.D. of [1], but now we include their
proper distances to the central clock explicitly. For the
positions we choose (n)yα (n = 1, . . . , 6) in (7), with all
distances set to equal values, i.e. y11 = y22 = y33 =
y41 = y42 = y52 = y52 = y61 = y63 = y. Furthermore, we
choose the following specific values for the velocities:
(1)vα =
 v110
0
 , (2)vα =
 0v22
0
 , (35)
(3)vα =
 00
v33
 , (4)vα =
 v41v42
0
 , (36)
(5)vα =
 0v52
v53
 , (6)vα =
 v610
v63
 . (37)
In this solution, the components of the curvature are ob-
tained by using clocks with positions and velocities which
differ from the ones in [1]. For each clock which is not at
rest, its velocity is chosen perpendicular to its the posi-
tion w.r.t. the central clock. This choice was motivated
by the equivalence to the configuration in which each
clock is (instantaneously) rotating around the reference
clock.
The first 6 components to be obtained are those cor-
responding to the constrained clock compass, i.e., the
configuration of 6 clocks at rest discussed in section IV.F
of [1]:
R0110 = −
(1,0)B3
y2
, (38)
R0220 = −
(2,0)B3
y2
, (39)
R0330 = −
(3,0)B3
y2
, (40)
R0120 = − 1
2y2
(
(4,0)B3 + y
2(R0110 +R0220)
)
, (41)
R0130 = − 1
2y2
(
(6,0)B3 + y
2(R0110 +R0330)
)
, (42)
R0230 = − 1
2y2
(
(5,0)B3 + y
2(R0220 +R0330)
)
. (43)
Here the index 0 in the (n,0)B3 terms denotes clocks at
rest (as before, the position and the velocity indices are
also indicated). The 6 curvature components in the group
above are those which can be determined using clocks at
rest1. The 14 remaining independent curvature compo-
nents can be obtained as
R1210 =
3
8v22y2
(
(1,2)B3 − (1,−2)B3
)
, (44)
R1310 =
3
8v33y2
(
(1,3)B3 − (1,−3)B3
)
, (45)
R2320 =
3
8v33y2
(
(2,3)B3 − (2,−3)B3
)
, (46)
R1212 =
3
2v222y
2
(
(1,2)B3 +
(1,−2)B3 + 2y2R0110
)
, (47)
R1313 =
3
2v233y
2
(
(1,3)B3 +
(1,−3)B3 + 2y2R0110
)
, (48)
R2323 =
3
2v233y
2
(
(2,3)B3 +
(2,−3)B3 + 2y2R0220
)
, (49)
1 The first 3 components can also be determined using clocks
7R1220 =
1
4v11y2
(
−3(2,1)B3 − 3R0220y2 +R1212v211y2
)
, (50)
R1330 =
1
4v11y2
(
−3(3,1)B3 − 3R0330y2 +R1313v211y2
)
, (51)
R2330 =
1
4v22y2
(
−3(3,2)B3 − 3R0330y2 +R2323v222y2
)
, (52)
R1213 =
1
2v52v53y2
(
3(1,5)B3 + 3R0110y
2 − v52y2 (4R1210 +R1212v52)− v53y2 (4R1310 +R1313v53)
)
, (53)
R1223 =
1
2v61v63y2
(
−3(2,6)B3 − 3R0220y2 + v61y2 (R1212v61 − 4R1220) + v63y2 (4R2320 +R2323v63)
)
, (54)
R1323 =
1
2v41v42y2
(
3(3,4)B3 + 3R0330y
2 + v41y
2 (−R1313v41 + 4R1330) + v42y2 (−R2323v42 + 4R2330)
)
, (55)
R1230 =
1
4v33y2
(
−3(4,3)B3 − 3(R0110 + 2R0120 +R0220)y2 + 4(R1310 +R2320)v33y2
+ (R1313 + 2R1323 +R2323)v
2
33y
2
)
, (56)
R2310 =
1
4v11y2
(
3(5,1)B3 + 3(R0220 + 2R0230 +R0330)y
2 + 4(R1220 +R1330)v11y
2
− (R1212 + 2R1213 +R1313)v211y2
)
. (57)
Again, the minus sign (−) in the velocity index indi-
cates opposite velocity. This allows us to determine the
20 independent components of the curvature by means
of 20 different clocks/measurements. Note that this so-
lution is different from the one presented in [1].
The solution in (38)-(57) relates measurements that
need to be performed and the physical parameters, i.e.
the curvature components, in a hierarchical way. This
means that we write the expression of some curvature
components in terms of previously determined ones, plus
the outcome of new clock measurements. As will be
discussed later, one can use this hierarchy as a possi-
ble strategy to determine the different curvature com-
ponents. Alternatively, one can obtained “direct” ex-
pressions for each curvature component in terms of the
measurements, by replacing the corresponding previous
components. The result is displayed in Eqs. (B1)–(B20)
in Appendix B.
The solution (38) tells us that the componentR0110 can
be determined by means of one clock at rest located along
the x-axis, so that both values (1,0)B3 and y have to be
known. We denote this clock configuration by (1, 0). The
components R0220 and R0330 can be determined analo-
gously, this time by means of the configurations (2, 0)
and (3, 0), which are located along the y- and the z-axis,
respectively.
In order to determine R0120 one needs measurements
from more than one clock. As is apparent from Eq. (41),
with velocities parallel to the respective position, then R0110 =
−(1,1)B3/y2, R0220 = −(2,2)B3/y2 and R0330 = −(3,3)B3/y2.
in addition to the knowledge of R0110 and R0220, one
needs data from measurements with a clock at rest lo-
cated in the xy-plane at a 45 degree angle from the x
and y axis (which we denote by (4, 0)) – c.f. also (4)yα
in (7), with y41 = y42 = y. Equivalently, R0120 can be
directly determined with the frequency data from three
clocks: (1, 0), (2, 0) and (4, 0), see Eq. (B4). Notice that
in this case an additional “simultaneous” determination
of R0110, R0220 and R0120 is also possible, starting from
the data of the same configurations, i.e. (1, 0), (2, 0) and
(4, 0). The determination of R0130 and R0230 can be per-
formed in an analogous fashion, by defining a second
group, see Eqs. (42) and (43) respectively and/or (B5)
and (B6). Notice that, as can be seen from Eq. (3), in
a more general situation, when considering clocks with
generic positions in the x–y plane, we will need measure-
ments of clocks with at least 3 different positions in order
to decouple the contribution of the components R0110,
R0220 and R0120 from the quantity C¯.
A third group of measurements is defined by (44)–(46).
Each of these components can be computed from data of
two different clock configurations: in the case of R1210
by measurements of clocks in configurations (1, 2) and
(1,−2), and similarly for R1310 and R2320.
A fourth group is given by (47)–(49). These expres-
sions show that, for instance, R1212 can be determined
with data of R0110 and the result of measurements of the
clocks configurations (1, 2) and (1,−2). Equivalently, the
direct determination needs 3 clock configurations: (1, 0),
(1, 2) and (1,−2); i.e. from a combination of the data
from the first and third group above, see Eq. (B10). This
also means that the group of configurations (1, 0), (1, 2)
8and (1,−2) suffices to “simultaneously” determine the
three components R0110, R1210 and R1212. A similar re-
lation holds for the group R0110, R1310 and R1313 and
the configurations (1, 0), (1, 3) and (1,−3), as well as
for R0220, R2320 and R2323 and the configurations (2, 0),
(2, 3) and (2,−3), see Eqs. (45) and (48), as well as (46)
and (49), respectively.
A fifth group of curvature components, represented by
(50)–(52), can be obtained by using two previously de-
termined curvature components, plus data from one new
clock. The alternative direct determination, as shown in
Eqs. (B13)–(B15), requires a total of five clock configura-
tions. Alternatively, one may perform a simultaneous de-
termination of R0110, R0220, R1210, R1212 and R1220 with
the help of the five configurations (1, 0), (1, 2), (1,−2),
(2, 0) and (2, 1). Such simultaneous measurements are
also possible for the group R0110, R0330, R1310, R1313 and
R1330, by using the configurations (1, 0), (1, 3), (1,−3),
(3, 0) and (3, 1); as well as for the group R0330, R0220,
R2320, R2323 and R2330, by utilizing (2, 0), (2, 3), (2,−3),
(3, 0) and (3, 2).
A sixth group is given by (53)–(55), in which the cur-
vature can be obtained from previous data plus data from
one additional clock – R1213 requires measurements from
the (1, 5), R1223 from the (2, 6), and R1323 from the (3, 4)
configuration. The fully resolved “direct” expressions are
shown in Eqs. (B16)–(B18). As with the previous groups,
one could also perform a simultaneous determination of
the curvature from the measurements of a group of suit-
ably chosen clock configurations. As an example, we in-
fer that the configurations (1, 0), (1, 2), (1,−2), (1, 3),
(1,−3) and (1, 5) simultaneously determine R1213, R0110,
R1210, R1212, R1310 and R1313.
Finally, a seventh group is given by (56) and (57). The
determination of R1230 and R2310 requires only measure-
ments from one additional clock, in addition to the previ-
ous configurations. As an example, the determination of
R1230 requires data from the (4, 3) configuration. Again,
the fully replaced expressions for those components can
be found in appendix B.
In table I the 20 curvature components are grouped
by the structure of the solution, and by the number of
required measurements. The choice of a hierarchical or
simultaneous determination is going to play an important
role in the error analysis, which we discuss in the next
section.
VI. SIMULATED PARAMETER ESTIMATION
In this section we perform simulations in order to illus-
trate how the different parameters could be determined.
Additionally we estimate the precision with which we can
measure each physical quantity. In particular, we show
how parameter changes impact the determination of the
acceleration, the angular velocity, and the curvature, by
using simulated data.
TABLE I. Number of measurements required for different cur-
vature components.
Curvature components Group # Measurements
R0110, R0220, R0330 1 1
R0120, R0130, R0230 2 3
R1210, R1310, R2320 3 2
R1212, R1313, R2323 4 3
R1220, R1330, R2330 5 5
R1213 6 6
R1223 6 8
R1323 6 10
R1230, R2310 7 12
A. Data generation
In order to perform a simulation, we need to create
data for each clock (position and velocity), and a model
for the measurable variable, i.e. the proper time ratio,
which in turn determines the value of C¯.
For the mock data set we generate, for each clock con-
figuration, N values for its position and velocity, as-
suming a normal distribution for both variables (y ∼
N (y¯, σ2y), v ∼ N (v¯, σ2v)). With these values, and the
assumed test values for the quantities which we want to
determine (acceleration, angular velocity and curvature
components), we obtain, by means of the master equation
(3), the corresponding values of the frequency ratio C¯ for
each of the N clocks. In a subsequent step we add noise
to the C¯ values, thereby modeling the uncertainty of the
measurement process of the proper times. For the noise
we also assume a Gaussian distribution δC¯ ∼ N (0, σ2
C¯
)
with vanishing mean. The standard deviation is set to
the intrinsic instability of the clock, as reported for exam-
ple in [8]. Furthermore, we assume that the errors in the
frequency ratio, position and velocity are independent of
each other.
B. Determination of the linear acceleration
First we perform a simulation in order to show how
the acceleration of the reference system could be deter-
mined. We consider a reference frame moving with con-
stant (time-independent) acceleration aα in the direction
of the x-axis, assuming a test value a1 = −9.8 m/s2. For
the angular velocity we assume the same orientation as
the acceleration, so that ω1 = 7.3 × 10−5 rad/s (which
would correspond to the local angular velocity due to
Earth’s rotation at the north pole).
Taking into account the experimental results for state
of the art clocks given in [9] and [8], we work out the
errors for the frequency ratio variable C¯ when measured
by such clocks. Chou et al. [9] reported a fractional fre-
quency inaccuracy of 8.6 × 10−18 for optical clocks, and
9gave in [8] an error of 1.6 × 10−17 for the fractional fre-
quency change of optical clocks with difference in height
of 33 cm, due to relativistic effects. Note that, due to (6),
the absolute error of the proper time ratio variable C¯ is
twice the value of the absolute error of the redshift. In
the following, we use that value as the standard deviation
of our assumed normal distribution, σC¯ = 3.2×10−17, in
our simulations.
Considering the above, we perform a simulation using
a mock data set, generated as explained in section VI A,
using an array of clocks at rest w.r.t. the reference clock –
which we previously worked out in section IV A. We con-
sider N = 100 samples of measurements (for each pair of
clocks, see section IV A), with mean distances y¯ ranging
from 0.37 m (the distance reported in [8]) to 10.5 m, and
with σy = 1 cm. For simplicity we consider a vanishing
mean value and standard deviation for the velocity (i.e.
v¯ = σv = 0). Following [8] we set σC¯ = 3.2 × 10−17.
Using the data generated in this way we then determine
the probability distribution for the acceleration a1, by
using a Markov chain Monte Carlo (MCMC) method, as
implemented in the EMCEE Python package [10]. For the
inference of a1 we use a Gaussian likelihood together with
flat priors in combination with the master equation (3).
A representative example of the posterior for a1 for
a set of simulated measurements, and for different val-
ues of y¯ is shown in Fig. 3. As expected, with increas-
ing separation of the clocks the variance of the inferred
values of a1 decreases, and the mean value approaches
the assumed test value. An increment of the mean dis-
tance from y¯ = 1 m to y¯ = 10 m from the reference clock
reduces the standard deviation of the acceleration from
±0.10 m/s2 to ±0.011 m/s2.
Additionally, we perform the calculation varying the
number N of clock measurements, with the same initial
conditions as in the previous case, but now setting y¯ =
1 m. The result is shown in Fig. 4. As expected, the
precision in the determination of a1 increases with the
number of measurements. For instance, with N = 100
measurements, we obtain a value of σa of the order of
0.1 m/s
2
.
C. Determination of the curvature components
In this section we present results which illustrate the
measurement strategy and the precision with which cur-
vature components could be obtained. As a simplifica-
tion, we will suppose that our reference system is free
falling, i.e., aα = 0 and ωα = 0.
We will use the Schwarzschild metric as a guide for
the computation of the mock values of the curvature.
The non-vanishing components for the Riemann curva-
ture tensor of Schwarzschild spacetime in Schwarzschild
coordinates (ct, r, θ, ϕ) are
Rtrrt =
rs
r3
, (58)
Rθϕθϕ = rrs sin
2 θ, (59)
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FIG. 3. Posterior for a1 for different representative values
of the mean clock height. For this calculation, we use σC¯ =
3.2×10−17, and σy = 1 cm. The black vertical line represents
the test value of a1 = −9.8m/s2, N = 100.
2Rrθrθ =
rs
rs − r , (60)
2Rrϕrϕ =
rs
rs − r sin
2 θ, (61)
2Rtθθt = −rs(r − rs)
r2
, (62)
2Rtϕϕt = −rs(r − rs)
r2
sin2 θ, (63)
where rs = 2GM/c
2 is the Schwarzschild radius. Con-
sidering an orthonormal basis whose spacelike vectors e1,
e2 and e3 are aligned along the r, θ and ϕ directions re-
spectively. We then obtain (for further details see, for
instance, Ref. [11])
R0110 = R2323 =
rs
r3
, (64)
R0220 = R0330 = R1212 = R1313 = − rs
2r3
. (65)
In our simulations we would like to consider the compo-
nent R0120 as non-vanishing in order to deal with non-
10
FIG. 4. Posterior for a1 for different representative values
of the number of initial samples, from 2 to 100. For this
calculation, we use σC¯ = 3.2×10−17, y¯ = 1 m and σy = 1 cm.
The black vertical line represents the assumed test value of
a1 = −9.8m/s2.
zero numerical quantities in our subsequent examples.
Therefore, we assign the value R0120 = R0110/3 for this
component by hand. In summary, in our simulations we
shall use the following non-vanishing test values:
R0110 = 3.415× 10−23 m−2, (66)
R0220 = −1.708× 10−23 m−2, (67)
R0120 = 1.138× 10−23 m−2. (68)
Notice that we choose r equal to the radius of the Earth,
so that the curvature components are of the order of the
curvature produced by our planet on its surface.
1. Obtaining one curvature component
We start with the simplest case in which we can de-
termine a single component of the Riemannian curva-
ture tensor, using only one clock configuration, as in the
R0110
(1,0)C¯
y σy
σC¯
N
FIG. 5. First type of measurement: R0110. Similarly for R0220
and R0330.
first group discussed in section V, for instance R0110. In
this case that component is determined by the value and
uncertainty of the distance y, as well as the auxiliary
quantity C¯. The statistical structure of this first type of
measurement is illustrated in Fig. 5.
We now perform a simulation with N = 100 sim-
ulated proper time ratio measurements, with positions
y ∼ N (y¯ = 10 km, σ2y = 104 m2); as well as a normally
distributed C¯, with µC¯ given by the master equation,
and σC¯ = 10
−14, which could be considered as a moder-
ately optimistic value since it is three orders of magnitude
higher than the precision reported by [9] for experiments
with fairly ideal and controlled conditions. The results
for representative mock data are shown in Fig. 6. The
distribution of values for the curvature are characterized
by a mean value of R¯0110 = 3.06 × 10−23 m−2, and a
standard deviation of σR = 0.99× 10−23 m−2.
2. Varying parameters
Here we determine how the probability distributions
for the curvature component R0110 change when varying
some of the parameters of our simulation. Some repre-
sentative results are shown in figures 7 to 9. We can
see from Figs. 7 and 8 that the precision of the curva-
ture determination increases, as expected, with grow-
ing number of measurements as well as with the dis-
tance of the clocks to the origin (reference clock), while
the mean of the distribution fluctuates as it approaches
the assumed test value. For instance, for the input val-
ues used in our simulations we observed that the stan-
dard deviation of the posterior distribution for the cur-
vature component decreases from ≈ 3 × 10−23m−2 for
N = 10 to ≈ 1 × 10−23m−2 for N = 100, and finally to
≈ 3 × 10−24m−2 for N = 1000. These values are con-
sistent with a decay of the expected form σR ∼ N−1/2.
Similarly we observe from Fig. 8 how σR decreases as
y¯ increases. For instance, for y¯ = 10 km, 20 km, and
40 km, we obtain σR ≈ 9 × 10−24 m−2, 2 × 10−24 m−2
and 7× 10−25 m−2, respectively. This is consistent with
the expected behavior of σR ∼ y¯−2, see Eq. (C1).
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FIG. 6. Posterior for the curvature component R0110 using
realistic parameter values (see text). The red vertical line
represents the mean of the distribution. The grey vertical
dashed lines represent the percentiles 16 and 84, which for a
Gaussian distribution corresponds to the interval [mean±1σ].
The green vertical line represents the test value (66). We
consider N = 100, with y ∼ N (y¯ = 10 km, σ2y = 104 m2) and
σC¯ = 10
−14.
3. Multiparameter Bayesian analysis
Now, we determine one of the curvature components
of the second group, see table I, for instance R0120. In
this case, we need three clocks with three different posi-
tions. Taking this into account, we simulate the simulta-
neous determination of R0110, R0220, and R0120. We ob-
tain distributions for these three curvature components,
from simulated measurements of the proper time ratios
of clocks at rest, with positions as discussed in section
V A. The determination of the curvature components are
affected by the value of the distance y and of the auxil-
iary quantities (1,0)C¯, (2,0)C¯ and (4,0)C¯, and their uncer-
tainties. The general dependency of this second kind of
curvature determination is depicted in Fig. 10.
We simulate the values of the curvature using expres-
sions (66)–(68), while the other components are set to
zero. We also use the same parameters for the clocks
as in section VI C 1, which are, N = 100 (for each ar-
rangement of 3 clocks) and y¯ = 10 km. The standard
deviations are set to σy = 100 m and σC¯ = 10
−14. Here
we neglect the influence of the velocity of the clocks. The
results are shown in Fig. 11, from which we can infer the
standard deviation of the resulting distributions is the
order of 10−23 m−2 for each component, and that the
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FIG. 7. The upper plot contains the variation of the proba-
bility distribution for the curvature component R0110 for the
indicated number of measurements. We see how the mean
value for the curvature component approaches the test value
(66). In the lower plot (log-log scale) the standard deviation is
shown to decrease with increasing number of measurements.
We have used y¯ = 10 km, σy = 100 m, and σC¯ = 10
−14 as
input parameters.
test input values lie within a 2σ interval. Fig. 12 shows
how the standard deviations of each of these three curva-
ture components decreases when a higher number N of
measurements are used for the inference.
In Fig. 13 we show an example of the simultaneous
inference of three curvature components, namely R0110,
R1210 and R1212, starting from data of 3 clock configu-
rations. This case is qualitatively different from the first
one since now two of the clocks (those corresponding to
configurations (1, 2) and (1,−2)) are necessarily moving
w.r.t. the central clock, which allows to infer values for
R1210 and R1212, as discussed in detail in Section V A.
For this simulation we use N = 100 (for each arrange-
ment of three clocks), y¯ = 10 km, σy = 100 m, v¯ = 10
−6c,
σv = 10
−8c, and σC¯ = 10−14. The results are shown in
Fig. 14. We observe that the test values (66)–(68) are
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FIG. 8. The upper plot contains the variation of the proba-
bility distribution for the curvature component R0110 for the
indicated values of the distance/position of the clock. The
lower plot (log-log scale) shows the standard deviation of the
distribution for different values of y¯. We used N = 100,
σy = 100 m, and σC¯ = 10
−14.
indeed recovered within the corresponding 2σ intervals.
Additionally, each curvature component is determined
with a different precision: the standard deviation of the
distribution for R0110, R1210 and R1212 are of the order of
10−23 m−2, 10−17 m−2 and 10−11 m−2, respectively. This
is a consequence of the additional effect of the velocity in-
volved in the analysis, which reduces the precision of the
determination of the curvature components “with more
spatial indices”, in a hierarchical way. This can be un-
derstood by looking at the master equation (3), where
the curvature component R1210 contributes to the mea-
surable frequency ratio with a term which is suppressed
by a factor linear in the velocity v/c ∼ 10−6 when com-
pared to R0110, while the component R1212 is suppressed
by a term quadratic in v/c.
We also show the results of a simultaneous inference of
five curvature components, R0110, R0220, R1210, R1212,
and R1220, by using data from 5 clocks. See the discus-
10−15 10−14 10−13
σC¯
0
2
4
6
8
10
σ
R
[1
0−
23
m
−2
]
2 4 6 8 10
σC¯ [10−15]
0.2
0.4
0.6
0.8
1.0
FIG. 9. Standard deviation of the probability distribution
of the curvature component R0110 for different standard de-
viations of the measurement of the frequency ratio C¯. The
outer plot shows the evolution in the interval of σC¯ from 10
−15
to 10−13, in logarithmic scale for the x-axis. The inner plot
shows the evolution of the same variable over the interval of
σC¯ from 10
−15 to 10−14, on a linear scale. We have used
N = 100, y¯ = 10 km, and σy = 100 m.
R0110 R0220 R0120
(1,0)C¯ (2,0)C¯ (4,0)C¯
y σy
σC
N
FIG. 10. Scheme for the simultaneous determination of R0110,
R0220 and R0120. The lines represent the dependencies given
by Eqs. (B1), (B2), and (B4).
sion in section V and Fig. 15 which illustrates the pro-
cess. Using again N = 100 (for each arrangement of five
clocks), y¯ = 10 km, σy = 100 m, v¯ = 10
−6c, σv = 10−8c,
and σC¯ = 10
−14, the obtained result is shown in Fig.
16. The behavior of this more complex case is similar to
the previous one, in the sense that the velocity defines a
hierarchy of precisions for the determination of each cur-
vature component: the distributions of R0110 and R0220
have a standard deviation, for the values used in our ex-
ample, of the order of 10−23 m−2, while for R1210 and
R1220 we obtain values of the order 10
−17 m−2, and fi-
nally R1212 is the component with the largest error of
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FIG. 11. Probability distribution for the curvature compo-
nents R0110, R0220 and R0120, obtained simultaneously. We
used y¯ = 10 km, σyx = σyy = 100 m, σC¯ = 10
−14, and
N = 100 measurements for each clock in configurations (1, 0),
(2, 0) and (4, 0) (i.e. 3× 100 clocks, positions, and frequency
ratio values).
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FIG. 12. Evolution of the standard deviation for the simul-
taneous determination of the curvature components R0110,
R0220 and R0120 for different number of measurements. We
used y¯ = 10 km, σyx = σyy = 100 m, σC¯ = 10
−14.
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FIG. 13. Scheme for the determination of the group (R0110,
R1210, R1212) from the measurements of configurations (1, 0),
(1, 2) and (1,−2). The lines represent the dependency given
by Eqs. (B1), (B7) and (B10). See Fig. 14 for the results of
the corresponding simultaneous determination.
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FIG. 14. Probability distribution for the curvature compo-
nents R0110, R1210 and R1212, obtained simultaneously. We
used y¯ = 10 km, σy = 100 m, v¯ = 10
−6c, σv = 10−8c,
σC¯ = 10
−14, and N = 100 measurements for each clock in
configurations (1, 0), (1, 2) and (1,−2) (i.e. 3 × 100 clocks,
positions, velocities, and frequency ratio values).
the order 10−10 m−2. If we compare how the component
R0110 is determined in this simultaneous determination
with the result of the simpler cases with three curvatures
(Fig. 14) and also with the single determination (Fig. 6),
we notice similar results for the spread of the correspond-
14
R0110 R0220 R1220 R1212 R1210
(1,0)C¯ (2,0)C¯ (1,2)C¯ (2,1)C¯ (1,−2)C¯
yv11 v22
σy
σC
σv11 σv22
N
FIG. 15. Scheme for the determination of the group (R0110,
R0220, R1210, R1220, R1212) from the measurements of con-
figurations (1, 0), (2, 0), (1, 2), (2, 1) and (1,−2). The lines
represent the dependencies given by Eqs. (B1), (B2), (B7),
(B13) and (B10). See Fig. 16 for the results of the corre-
sponding simultaneous determination.
ing obtained distribution.
As an additional test we have also considered the addi-
tion of nuisance parameters in the posterior analysis. In
Fig. 17 we show the result for the simpler curvature com-
ponent, R0110, when we also fit the parameter y0 and σy
as the mean value and standard deviation of the assumed
Gaussian distribution of the distance y; C¯ as the mean
value of the Gaussian distribution of the frequency ra-
tio variable C¯ and σC¯,m as the standard deviation of the
variation of the frequency ratio w.r.t. our model, given by
the master Eq. (3). The obtained values of these nuisance
parameters are within the expected range, as well as the
value for the component R0110, and with a precision sim-
ilar to that found in the simpler analysis in Fig. 6, as well
as to the result of the simultaneous curvature determina-
tion in Fig. 16. A similar result can be obtained for the
R0220 component.
Finally, we estimate again the component R0120 but,
in contrast to the simultaneous determination shown in
Fig. (11), now we perform a hierarchical calculation with
additional nuisance parameters. This means that we in-
fer the distribution for R0120 using the resulting distri-
butions of the components R0110 and R0220, which were
calculated as discussed in the paragraph above, as inputs.
In Fig. (18) we show the result for this curvature com-
ponent, when we also fit the parameters y0,x and y0,y as
the mean values for the x and y position coordinates of
the clock, respectively; σy,x and σy,y as the correspond-
ing standard deviations; and σC¯,m as the standard de-
viation of the variation of the frequency ratio w.r.t. our
model. The obtained values of these nuisance parameters
are again within the expected range, as well as the value
for the component R0120. Looking at the standard devi-
ation of the resulting probability distribution for R0120
we obtain a value of the order of 10−23 m−2, which is of
the same order as the value resulting from the simultane-
ous determination presented above and displayed in Fig.
(11).
VII. CONCLUSIONS & OUTLOOK
We have worked out a new solution, as well as a
complete statistical description of the gravitational clock
compass [2, 6]. The model of the compass presented here
is of direct experimental relevance for the operational
determination of the gravitational field in General Rela-
tivity by means of clocks.
In particular, we extended the results from [1] in two
ways. First we derived new analytical expressions for the
acceleration and angular velocity of the reference frame
in terms of measurable frequency ratios of suitable clock
configurations. These exact solutions differ from those in
[1] by a different state of motion of the central reference
clock. Additionally, we presented a set of new analytical
expressions which allow for a simultaneous determination
of the kinematic properties of the underlying reference
frame. Furthermore, a new analytical compass solution
for all curvature components in Fermi coordinates was
obtained. This solution was subsequently classified by
the number of actual clock measurements which are re-
quired for the determination of each curvature compo-
nent in the solution. Using this solution, we discussed
different experimental strategies to measure particular
curvature components. In general the components can
either be determined directly/simultaneously – together
with other curvature components from a larger clock con-
figuration – and/or hierarchically, i.e. using the knowl-
edge of previously determined curvature components.
In the second half of our work we illustrated how the
statistical determination of some representative curva-
ture components could be carried out. Starting from
mock data – which takes into account possible variabil-
ity of the measured position and velocity of the clocks, as
well as of the corresponding frequency ratios – we com-
puted the posterior probability distributions of several
curvature components by using each of the different ap-
proaches (direct/simultaneous, hierarchical). This lead
to an estimate of the precision with which each curva-
ture component could be determined in a realistic mea-
surement, and how the resulting probability distribu-
tion depends on the various parameters of our model.
Some curvature components are better determined by
particular clock configurations, depending on the posi-
tions/distances, velocities, and the precision of the in-
volved clocks. This behavior was expected, as becomes
clear from a comparison to our exact solution, since some
of the parameters contribute with different weights to the
measured frequency ratio, e.g. with factors linear in the
velocities, and some with quadratic terms, etc.
Our results indicate that the strategy of a hierarchi-
cal determination of the curvature components leads to
an estimation of the curvature of similar precision, using
the same data, when compared to the simultaneous ap-
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proach. Our discussion of the relationship between the
different curvature components, and the various alterna-
tives to infer their values from the measurable quantities,
is of direct relevance for the future experimental imple-
mentation of a clock compass.
It is straightforward to extend our current analysis to
include the simultaneous and/or the hierarchical determi-
nation of more components of the curvature tensor. Even
the full determination of all 20 independent components
does not require conceptually different techniques than
the ones presented here. By using the model defined by
the master Eq. (3), and suitable position and velocity
data of a swarm of clocks as well as their corresponding
frequency ratio w.r.t. a central clock, all 20 components
can be inferred analogously to the examples presented
here.
Finally, it should be mentioned that highly accurate
clock networks, which are currently in use [12, 13] and
under construction [14, 15], present an exciting direct
application of the framework presented here.
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TABLE II. Directory of symbols.
Symbol Explanation
gab Metric
Y (s), X(τ) (Reference) world line
εαβγ 3D Levi-Civita symbol
xα Spatial Fermi coordinates
τ Proper time
δαβ 3D Euclidean metric
Rabcd = Rabc
egde Riemann curvature
vα, ωα (Linear, angular) velocity
aα Acceleration
C¯, B1,2,3 Auxiliary quantities
Appendix A: Notations and conventions
We follow the notation used in [1], in particular we set
c = 1, raise and lower three dimensional indices of kine-
matic quantities by means of the Euclidean metric, i.e.
ωα = δαβωβ , etc. Note however, that for the curvature
components we use the convention where the indices are
lowered using the full Lorentzian metric, which in turn
introduces a different sign in the terms involving Rγαβδ,
c.f. Eq. (1). The symbols used in this work are summa-
rized in table II.
Appendix B: Fully resolved form of the curvature
solution
R0110 = −
(1,0)B3
y2
, (B1)
R0220 = −
(2,0)B3
y2
, (B2)
R0330 = −
(3,0)B3
y2
, (B3)
R0120 =
1
2y2
(
(1,0)B3 +
(2,0)B3 − (4,0)B3
)
, (B4)
R0130 =
1
2y2
(
(1,0)B3 +
(3,0)B3 − (6,0)B3
)
, (B5)
R0230 =
1
2y2
(
(2,0)B3 +
(3,0)B3 − (5,0)B3
)
, (B6)
R1210 =
3
8v22y2
(
(1,2)B3 − (1,−2)B3
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8v33y2
(
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R2320 =
3
8v33y2
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FIG. 16. Obtained distribution for the curvature components R0110, R0220, R1210, R1212 and R1220, obtained simultaneously.
In this case, we used y¯ = 10 km. σy = 100 m, σC¯ = 10
−14, v¯ = 10−6c, and σv = 10−8c and N = 100 measurements for
each clock in configurations (1, 0), (2, 0), (1, 2), (1,−2) and (2, 1) (i.e. 5× 100 clocks, positions, velocities, and frequency ratio
values).
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FIG. 17. Posterior for the curvature component R0110 and additional nuisance parameters, using realistic parameter values.
We used y¯ = 10 km, σy = 100 m, σC¯ = 10
−14, and N = 100 measurements for each clock in configuration (1, 0) (i.e. 1 × 100
clocks, positions, velocities, and frequency ratio values).
R1223 =
3
4v11v222v
2
33v61v63y
2
0
[
2(v211v
2
33v61 − v11v233v261)(1,0)B3 − (v211v233v61 − v11v233v261)(1,2)B3
+ 2(v11v
2
22v
2
33 − v11v222v263 − v222v233v61)(2,0)B3 + 2v222v233v61(2,1)B3 + (v11v222v33v63 + v11v222v263)(2,3)B3
− 2v11v222v233(2,6)B3 − (v211v233v61 − v11v233v261)(1,−2)B3 − v11v222v33v63 − v11v222v263)(2,−3)B3
]
, (B17)
R1323 = − 3
4v11v22v233v41v42y
2
0
[
2(v211v22v41 − v11v22v241)(1,0)B3 − (v211v22v41 − v11v22v241)(1,3)B3
18
R0120 [10 23m 2] = 0.50+0.540.54
0.3
0.6
0.9
1.2
C,
m
 [1
0
14
]
C, m [10 14] = 0.43+0.160.15
90
10
5
12
0
13
5
y,
x [
m
]
y, x [m] = 104.23+7.586.99
75
90
10
5
12
0
13
5
y,
y [
m
]
y, y [m] = 102.28+7.736.90
99
75
10
00
0
10
02
5
10
05
0
y 0
,x
 [m
]
y0, x [m] = 10005.77+10.3110.35
1.5 0.0 1.5
R0120 [10 23m 2]
99
75
10
00
0
10
02
5
10
05
0
y 0
,y
 [m
]
0.3 0.6 0.9 1.2
C, m [10 14]
90 10
5
12
0
13
5
y, x [m]
75 90 10
5
12
0
13
5
y, y [m]
99
75
10
00
0
10
02
5
10
05
0
y0, x [m]
99
75
10
00
0
10
02
5
10
05
0
y0, y [m]
y0, y [m] = 10011.29+10.0910.09
FIG. 18. Estimation of R0120 in a hierarchical way, with nuisance parameters estimation. We used y¯ = 10 km, σyx = σyy =
100 m, σC¯ = 10
−14, and N = 100 (i.e. 1×100 additional clocks, positions, and frequency ratio values in the (4, 0) configuration).
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Appendix C: Analytical expressions for error
propagation
We derive an approximate analytical expression for the
error of the curvature. This result is then used to place
upper limits, depending on the desired target error for
the curvature, on the error of the variables which enter
the expression for the curvature. The simple analytical
result is useful for the adjustment of parameters in our
simulations.
The general form of a curvature component like R =
R0110 is of the generic form R = −(C¯ + v2)/y2, see (34),
therefore, we infer that(σR
R
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σC¯
C¯ + v2
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+
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2σy
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+
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. (C1)
If we want to have a fractional error lower than a certain
value, this expression becomes an inequality,(
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From this, we derive the necessary conditions
σC¯ <
∣∣∣σR
R
∣∣∣ |C¯ + v2|, (C6)
σy <
∣∣∣σR
R
∣∣∣ y
2
, (C7)
and
σv <
∣∣∣∣σRR C¯ + v22v
∣∣∣∣ . (C8)
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